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THE VOJTA CONJECTURE IMPLIES GALOIS RIGIDITY IN DYNAMICAL
FAMILIES
WADE HINDES
ABSTRACT. We show that the Vojta (or Hall-Lang) conjecture implies that the arboreal Galois rep-
resentations in a 1-parameter family of quadratic polynomials are surjective if and only if they surject
onto some finite and uniform quotient. As an application, we use the Vojta conjecture, our unifor-
mity theorem overQptq, and Hilbert’s irreducibility theorem to prove that the prime divisors of many
quadratic orbits have density zero.
To prove the surjectivity of the ℓ-adic Galois representation attached to an elliptic curve, it
suffices to prove the surjectivity onto some finite quotient. Namely, if G ď GL2pZlq is a closed
subgroup that surjects onto GL2pZ{ℓnZq for some small n, then G must be equal to GL2pZlq; see
[17]. However, in [7] Rafe Jones has suggested that such a rigidity is unlikely to hold if we replace
GL2pZlq with the automorphism group AutpT8q of an infinite binary rooted tree T8, replace the
subgroup G with the image of an arboreal Galois representation G8pφq attached to a quadratic
polynomial φ P Qrxs (cf. [1] and [8]), and replace GL2pZ{ℓnZq with the automorphism group
AutpTnq of a level n binary rooted tree Tn; here the difficulty arises from the fact that the Frattini
subgroup of AutpT8q has infinite index. To illustrate this point, Jones cleverly constructs a large
quadratic polynomial
(1) φpxq “ px´ 88255775491812351975604q2` 88255775491812351975605,
satisfying G8pφq – AutpT8q and G8pφq fl AutpT8q; see [7]. However, our uniformity theorem
over rational function fields (cf. [3, Theorem 1]) together with Hilbert’s irreducibility theorem
suggest that such a rigidity holds in a 1-parameter family obtained by specializing a quadratic
polynomial with polynomial coefficients. In this paper we prove such a claim, assuming some
powerful (yet standard) conjectures in arithmetic geometry. As a consequence, we predict that the
prime divisors of many quadratic orbits have density zero (cf. Corollary 1).
Notation: We fix some notation. Let φpxq “ px´γptqq2` cptq for some polynomials γ, c P Zrts
and let φapxq “ px ´ γpaqq2 ` cpaq be the specialization of φ at some integer a. Finally, we say
that φa is stable if every iterate of φa is irreducible. Then we have the following theorem regarding
the arboreal Galois representations G8pφaq in the family tφauaPZ.
Theorem 1. Suppose that φ is not isotrivial, φpγq ¨ φ2pγq ‰ 0, and the Vojta (or Hall-Lang)
conjecture holds. Then there exists an integer nφ ą 0 and an effectively computable finite set Fφ
such that for all integers a R Fφ,
Gnφpφaq – AutpTnφq implies that G8pφaq – AutpT8q.
Furthermore, if φa is stable, then
sup
aRFφ
φa is stable
!“
AutpT8q : G8pφaq
‰)
is finite.
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The study of arboreal representations owes its beginnings to classical prime factorization prob-
lems in polynomial recurrences. Specifically, let φ P Zrxs be a polynomial with integer coefficients
and let b “ b0 P Z. For n ě 1, define the sequence bn “ φpbn´1q “ φnpb0q. A fundamental object
in dynamics, this set of numbers is called the orbit of b with respect to φ and is denoted
(2) Oφpbq :“ tb, φpbq, φ2pbq, . . . u.
It is a classical question in number theory to ask whether Oφpbq contains infinitely many primes.
At the moment, this question is well beyond reach. For example, if φpxq “ px´ 1q2` 1 and b “ 3,
then bn “ 22
n
` 1 are the Fermat numbers, which have been studied extensively [10].
However, one can ask a more tractable question, which has connections to arboreal representa-
tions. Namely, how big is the set of prime divisors in a particular orbit? As a partial answer, it is
known that G8pφq – AutpT8pφqq implies that the set
(3) Pφpbq :“ tprimes p
ˇˇ
bn “ φ
npbq ” 0 mod p for some n ě 1u
of prime divisors of Oφpbq has density zero [8, Theorem 4.1]. Intuitively, this means that if the
Galois groups of iterates of φ are as large as possible, then the prime divisors in any particular
orbit cannot accumulate. To illustrate this point and Theorem 1, we use our uniformity theorem
over Qptq (cf. [3, Theorem 1]) and Hilbert’s irreducibility theorem to predict that the prime divisors
of many quadratic orbits have density zero.
Corollary 1. Suppose that φ satisfies the following conditions:
(a) φ is not isotrivial
(b) Gmφpφq – AutpTmφq for mφ given by
mφ :“
#
17 , degpγq ‰ degpcq
2 ¨ log2
´
78 ¨ degpγq
degpc´γq
` 9
¯
, degpγq “ degpcq
+
.
Then the Vojta (or Hall-Lang) conjecture implies the following statements:
(1) There exists a thin set Eφ such that G8pφaq – AutpT8q for all a R Eφ.
(2) The density δpPφapbqq “ 0 for all b P Z and all a R Eφ.
Before we begin the proof of the theorem, we remind the reader of the relevant conjectural
height bounds in arithmetic geometry. In keeping with standard notation, we let h : sQ Ñ Rě0 be
the (absolute) logrithmic height of an algebraic number [15, VIII.5]. Similarly, for f P sQrxs, we
let hpfq be the maximum of the heights of the coefficients of f .
Conjecture 1. For all d ě 3 there exist constants C1 “ C1pdq and C2 “ C2pdq so that for all
f P Zrxs of degree d with discpfq ‰ 0, if x, y P Z satisfy y2 “ fpxq, then
(4) hpxq ď C1 ¨ hpfq ` C2.
Remark 1.1. Versions of Conjecture 1 were made by Hall and Lang (cf. [15, IV.7]) for d ď 4. On
the other hand, for larger d Conjecture 1 is a consequence of the Vojta conjecture; see the main
result of [5] or [16, Example 5].
Proof (Theorem). To prove Theorem 1, we need only assume that the bounds in Conjecture 1 hold
for a single value of d ě 3. Therefore, without loss of generality, we assume that (4) holds for
d “ 3. Throughout the proof, we use the following fact: for all f P Qrxs of degree d there are
constants C1,f and C2,f , depending on f , such that
(5) d ¨ hpαq ´ C1,f ď hpαq ď d ¨ hpαq ` C2,f for all α P Q¯;
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see [14, Theorem 3.11]. We fix some notation. Define the affine transformation λapxq “ x` γpaq,
and let σa be the quadratic polynomial given by conjugating φa by λa, that is
σapxq :“ λ
´1
a ˝ φa ˝ λapxq “ x
2 ` cpaq ´ γpaq.
The triangle inequality on the absolute values of Q and (5) imply that
(6) hpλ´1a pαqq ď hpαq ` 2 ¨ logp3q ` degpγq ¨ hpaq ` hpγq for all α P Q¯.
On the other hand, there is a lower bound
(7) hpαq ´ degpγq ¨ hpaq ´ A1,φ ď hpλ´1a pαqq for all α P Q¯
and some positive constant A1,φ; see [14, Theorem 3.11]. Moreover, repeated application of the
triangle inequality implies that
(8) hpσma pαqq ď 2m ¨
`
hpαq ` A2,φ ` degpc´ γq ¨ hpaq
˘
for all α P Q¯
and some positive constant A2,φ. Finally, since φ is not isotrivial, degpc ´ γq ‰ 0. In particular,
(5) implies that there exists a computable, positive constant B1,φ such that
(9) degpc´ γq ¨ hpaq ´B1,φ ď h
`
cpaq ´ γpaq
˘
, for all a P Q¯.
From here, we derive Theorem 1 from the following lemma, which ensures the existence of so
called square-free, primitive prime divisors in the critical orbit after a uniform number of iterates;
compare to [2] and [13].
Lemma 1.1. Assume the Vojta (or Hall-Lang) conjecture and suppose that a P Z satisfies the
following properties:
(1) φapγpaqq ¨ φ2apγpaqq ‰ 0,
(2) cpaq ´ γpaq R t´2,´1, 0, u,
(3) degpc´ γq ¨ hpaq ´B1,φ ą 0.
Then there is an nφ ą 0 (not depending on a) such that for all n ą nφ there exists an odd prime
pn with the following property:
(10) vpnpφnapγpaqqq ı 0 pmod 2q and vpnpφjapγpaqqq “ 0 for all 1 ď j ď n´ 1;
here vp denotes the normalized p-adic valuation. Such a prime pn is called a square-free, primitive
prime divisor for φnapγpaqq.
Proof. For every n, write φnapγpaqq “ 2en ¨dn ¨y2n for en P t0, 1u and some odd, square-free integer
dn. Our goal is to first prove that the dn grow rapidly, and from there deduce that eventually each
new dn is divisible by a new prime. Note that if the dn’s were to grow slowly, then (ignoring the
power of 2 for now), there would be values of d for which the curve dY 2 “ φ2apXq has a rational
point with very large coordinates compared to the height of its defining equation. Quantifying this
idea leads to a contradiction of Conjecture 1.
If n is such that no prime pn as in (10) exists, then dn is a unit or dn “
ś
pi for some primes
pi P Z satisfying pi
ˇˇ
φmia pγpaqq and 1 ď mi ď n ´ 1. On the other hand, if dn is not a unit, then
each pi
ˇˇ
φn´mia p0q, since pi
ˇˇ
φmia pγpaqq and pi
ˇˇ
φnapγpaqq. To see this, note that
φn´mia p0q ” φ
n´mi
a pφ
mi
a pγpaqqq ” φ
n
apγpaqq ” 0 pmod piq.
In particular, when dn is not a unit, we have the refinement:
(11) dn “
ź
pi, where pi
ˇˇ
φtia pγpaqq or pi
ˇˇ
φtia p0q for some 1 ď ti ď
Yn
2
]
.
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Our goal is to show that n is bounded independently of a. To do this, define the elliptic curve
(12) Cpdnqφa : Y 2 “ 2en ¨ dn ¨ pX ´ cpaqq ¨ φapXq.
Note that Cpdnqφa is nonsingular by assumption (1) of Lemma 1.1. Then we have the integral point
(13)
´
φn´1a pγpaqq , 2
en ¨ dn ¨ yn ¨
`
φn´2a pγpaqq ´ γpaq
˘¯
P C
pdnq
φa
pZq.
In particular, the Hall-Lang conjecture (cf. Conjecture 1 for d “ 3) on integral points of elliptic
curves implies that
(14) h`φn´1a pγpaqq˘ ď κ1 ¨ hpdnq ` κ2 ¨ hpaq ` κ3
for some absolute constants κi ą 0.
Assuming the Vojta conjecture, one obtains a similar bound as in (14); we simply replace Cpdnqφa
and the point on (13) with the genus two curve Y 2 “ 2en ¨ dn ¨ pX ´ cpaqq ¨ φ2pXq and its
corresponding point with X-coordinate φn´2a pγpaqq; see [4] for more on these hyperelliptic curves
defined by iteration. Finally, apply the main result of [5]; see also [16, Example 5].
Combining (6) and (14), we obtain
(15) hpλ´1a pφn´1a pγpaqqqq ď κ1 ¨ hpdnq ` κ2,φ ¨ hpaq ` κ3,φ,
where the constants κ2,φ and κ3,φ depend of φ. However,
λ´1a pφ
n´1
a pγpaqqq “ λ
´1
a ˝ φ
n´1
a ˝ λap0q “ σ
n´1
a p0q.
On the other hand, the canonical height (cf. [14, 3.4]) satisfiesˇˇ
hˆσapxq ´ hpxq
ˇˇ
ď h
`
cpaq ´ γpaq
˘
` logp2q ď degpc´ γq ¨ hpaq `B1,φ ` logp2q,
for all x P Q; see [6, Lemma 12]. In particular, we apply this bound to x “ σn´1a p0q and use (15)
to conclude that
(16) 2n´1 ¨ hˆσap0q “ hˆσapσn´1a p0qq ď κ1 ¨ hpdnq ` κ12,φ ¨ hpaq ` κ13,φ.
Moreover, Ingram has shown in [6, Proposition 11], that
hˆσapxq ě
1
32
max
 
h
`
cpaq ´ γpaq
˘
, 1
(
, for all wandering points x P Q.
By assumption cpaq ´ γpaq R t´2,´1, 0u, so that 0 is a wandering point of σa (equivalently, φa is
not postcritically finite). To see this, note that if 0 is not wandering, then cpaq ´ γpaq belongs to
the Mandelbrot set M over the complex numbers; see [14, §4.24]. In particular, [14, Proposition
4.19] implies that |cpaq ´ γpaq| ď 2, where | ¨ | denotes the complex absolute value. Hence the
absolute logarithmic height of cpaq ´ γpaq is at most logp2q. One checks that this implies that
cpaq ´ γpaq P t0,´1,´2u as claimed.
On the other hand, we know there exists a positive constant B1,φ as on (9). Consolidating this
fact with the lower bound on hˆσap0q and the bound on (16), we obtain that
(17) 2n´6 ¨ ` degpc´ γq ¨ hpaq ´B1,φ˘ ď κ1 ¨ hpdnq ` κ12,φ ¨ hpaq ` κ13,φ.
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The left hand side of (17) is of our desired shape. It remains to bound hpdnq in terms of hpaq, to
complete the proof of Lemma 1.1. To do this, note that (7) and (11) together imply that
hpdnq ď
tn
2
uÿ
i“1
hpφiapγpaqqq `
tn
2
uÿ
j“1
hpφjap0qq
ď
tn
2
uÿ
i“1
hpσiap0qq `
tn
2
uÿ
j“1
hpσjapγpaqqq ` n ¨
`
degpγq ¨ hpaq ` A1,φ
˘(18)
On the other hand, (8) implies that
hpσiap0qq ď 2
i¨
`
A2,φ`degpc´γq¨hpaq
˘
and hpσjapγpaqqq ď 2j¨
`
hpγpaqq`A2,φ`degpc´γq¨hpaq
˘
.
However, there exists a positive constant A3,φ, such that hpγpaqq ď degpγq ¨ hpaq ` A3,φ. Hence,
hpdnq ď 2
tn
2
u`2 ¨
`
A2,φ ` degpc´ γq ¨ hpaq
˘
` 2t
n
2
u`1 ¨
`
degpγq ¨ hpaq ` A3,φ
˘
` n ¨
`
degpγq ¨ hpaq ` A1,φ
˘(19)
Combining (17) and (19), we see that
2n´6 ď
ˆ
κ1 ¨ degpc´ γq ¨ hpaq ` κ1 ¨A2,φ
degpc´ γq ¨ hpaq ´B1,φ
˙
¨ 2t
n
2
u`2 `
ˆ
κ1 ¨ degpγq ¨ hpaq ` κ1 ¨A3,φ
degpc´ γq ¨ hpaq ´B1,φ
˙
¨ 2t
n
2
u`1
`
ˆ
κ1 ¨ degpγq ¨ hpaq ` κ1 ¨ A1,φ
degpc´ γq ¨ hpaq ´B1,φ
˙
¨ n `
ˆ
κ12,φ ¨ hpaq ` κ
1
3,φ
degpc´ γq ¨ hpaq ´B1,φ
˙
.
(20)
However, as a real valued function, any linear fractional transformations ρpxq “ ax`b
cx`d
is bounded
away from its poles. Hence, if we view hpaq as the variable x, we see that
(21) 2n´6 ďM1,φ ¨ 2tn2 u`2 `M2,φ ¨ 2tn2 u`1 `M3,φ ¨ n `M4,φ,
since degpc´ γq ¨ hpaq ´B1,φ ą 0. In particular, if Mφ :“ maxtMi,φu, then
(22) n ď maxt6, 2 ¨ log2pMφq ` 19u.
Therefore, we have bounded n independently of a. This completes the proof of Lemma 1.1. 
With the lemma in place, we return to the proof of Theorem 1. Let Pφptq be the polynomial
whose roots cut out conditions (1) and (2) of Lemma 1.1, that is
(23) Pφptq :“ φpγptqq ¨ φ2pγptqq ¨
`
cptq ´ γptq
˘
¨
`
cptq ´ γptq ` 1
˘
¨
`
cptq ´ γptq ` 2
˘
.
From here, we can define the finite set of exceptional specializations:
(24) Fφ :“
"
a P Z
ˇˇˇ
ˇ Pφpaq “ 0 or hpaq ď B1,φdegpc´ γq
*
.
Remark 1.2. The set Fφ can be explicitly computed provided that the Nullstellensatz step in com-
puting B1,φ can be carried effectively; see the proof of the lower bound in [14, Proposition 3.11].
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We now set nφ :“ 1 `maxt2, 2 ¨ log2pMφq ` 19u and suppose that Gnφpφaq – AutpTnφq and
that a R Fφ. To prove that G8pφaq – AutpT8q, we first show that φa is stable.
If φa is not stable, then [9, Proposition 4.2] implies that φnapγpaqq is a square for some n ě 1.
However, by Lemma 1.1, such an n must be less than nφ. In particular, Gn´1pφaq – AutpTn´1q,
as the Galois group of the larger iterate φnφa is maximal. Moreover, since the full automorphism
group of the preimage tree acts transitively on the roots of φn´1a , we conclude that φn´1a must be
irreducible.
On the other hand, [3, Lemma 1] implies that Knpφaq{Kn´1pφaq is not maximal, since φnapγpaqq
is a square in Kn´1pφaq; in fact, it is already a square over the rational numbers. Therefore,
Gnpφaq fl AutpTnq, contradicting our assumption that Gnφpφaq – AutpTnφq. We conclude that φa
is stable.
Now, letm be any integer and suppose that the subextensionKmpφaq{Km´1pφaq is not maximal.
In particular,m ą nφ sinceGnφpφaq – AutpTnφq. However, we have shown that φa is stable, hence
φma pγpaqq P
`
Km´1pφaq
˘2; see [3, Lemma 1]. Hence, if we write φma pγpaqq “ 2em ¨ dm ¨ y2m for
some ym, dm P Z such that dm is a unit or an odd square-free integer, then the primes dividing dm
must ramify in Km´1pφaq.
On the other hand, by [11, Corollary 2, p.159], we see that the primes which ramify in Km´1
must divide the discriminant of φm´1. Let ∆n be the discriminant of φn. Then we have the
following formula, given in [9, Lemma 2.6]:
(25) ∆n “ ˘∆2n´1 ¨ 22
n
¨ φnpγq.
In particular, if dm is not a unit, then dm “
ś
pi for some odd primes pi P Z such that pi
ˇˇ
φmipγq
and 1 ď mi ď m ´ 1. However, since m ą nφ, Lemma 1.1 implies that there exists a prime
divisor of dm which is coprime to all lower iterates, a contradiction. Hence, Kmpφaq{Km´1pφaq
is maximal for all m. It follows that G8pφaq – AutpT8q, completing the first statement of the
Theorem 1.
Similarly, if a R Fφ and φa is stable, then Lemma 1.1 implies that the subextensionsKmpφaq{Km´1pφaq
are maximal for all m ą nφ. Hence G8pφaq is a finite index subgroup of AutpT8q, and“
AutpT8q : G8pφaq
‰
“
“
AutpTnφq : Gnφpφaq
‰
“
22
nφ´1“
Knφpφaq : Q
‰ ď 22nφ´1
2nφ
“ 22
nφ´nφ´1,
since φnφa is an irreducible polynomial of degree 2nφ over the rational numbers. In particular, the
index bound does not depend on a, which completes the proof of the theorem. 
If we fix φ, it is natural to ask to what extent the corresponding nφ is computable (at least
conjecturally). However, since the constants appearing in Conjecture 1 are not explicit, we cannot
make the proof of Theorem 1 effective. Nonetheless, it is possible to use additional techniques in
the theory of rational points on curves to classify the Galois behavior of small iterates and produce
a conjectural nφ. For instance, we make the following conjecture when φpxq “ x2 ` t.
Conjecture 2. If φapxq “ x2 ` a, then for all a P Z,
G3pφaq – AutpT3q implies that G8pφaq – AutpT8q.
In particular, if a ‰ 3, then G2pφaq – AutpT2q implies that G8pφcq – AutpT8q.
Remark 1.3. The evidence for Conjecture 2 comes from [4, Theorem 1.1]. There we prove that
G3pφaq – AutpT3q implies G4pφaq – AutpT4q. Furthermore, we show that if a ‰ 3 and G2pφaq –
AutpT2q, then G4pφaq – AutpT4q.
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We close with the proof of Corollary 1.
Proof (Corollary). If φ is not isotrivial andGmφpφq – AutpTmφq, then it follows from [3, Theorem
1] that G8pφq – AutpT8q. In particular, φpγq ¨ φ2pγq ‰ 0 and there exists a finite set Fφ and an
integer nφ such that
(26) Gnφpφaq – AutpTnφq implies that G8pφaq – AutpT8q,
for all a R Fφ; see Theorem 1 above. On the other hand, since G8pφq – AutpT8q, we conclude
that Gnφpφq – AutpTnφq and Hilbert’s irreducibility theorem implies that the set
(27) Zφ :“
 
a P Z
ˇˇ
Gnφpφaq fl AutpTnφq
(
is thin; see [12, Theorem 3.4.1]. Hence, the set Eφ :“ ZφXFφ is also thin, and if a R Eφ, then (26)
and (27) imply that G8pφaq – AutpT8q. In particular, the density δpPφapbqq of prime divisors of
Oφapbq is zero; see [8, Theorem 4.1]. This completes the proof of Corollary 1. 
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